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1. INTRODUCTION 
Let H and V be complex Hilbert spaces such that the embedding V c H is continuous. In 
this paper, we deal with the nonlocal initial value problem governed by a retarded semilinear 
parabolic type equation with time delay in H as follows: 
&c(t) =A&t) + Al+ - h) + 
s 
0 
a(s)A2x(t + s) ds + f(t,z(t)) + k(t), 
-h t "' (NlW) 
2(O) = go - cp(h , . . . , t,, z), 4s) = 97s) - es4(tlr. . , t,, zc), -hIs<O. 
Let A0 be the operator associated with a bounded sesquilinear form defined in V x V satisfying 
the G&ding inequality. Then A0 generates an analytic semigroup S(t) in both H and V*, and 
so equation (NRB) may be considered as an equation in both H and V*. 
There exists much literature which studies semilinear evolution problems and related topics in 
Banach spaces. However, most studies have been devoted to systems without time delay, and 
not so many papers treat the initial functions for the retarded system with unbounded operators. 
Undertheconditionsa(.) E L2(-h,O;R) and Ai (i = 1,2) are bounded linear operators on H into 
itself, Nakagiri [l] proved the standard optimal control problems and the time optimal control 
problem for retarded linear system (NRB) in the case f s 0 and 4 s 0 in Banach space by 
constructing the fundamental solution. If Ai (i = 0, 1,2) : D(Ao) c H + H are unbounded 
operators, DiBlasio, Kunish and Sinestrari [2] obtained global existence and uniqueness of the 
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strict solution for the retarded linear system in Hilbert spaces, and Jeong [3,4] considered the 
control problem with L’-valued controller and established the equivalent condition in order that 
equation (NRE) with Al s 0 is stabilizable. Jackson [5] showed the existence and uniqueness 
of solutions to semilinear nonlocal parabolic equations, and Byszewski and Akca [6,7] studied 
the existence of mild and classical solutions of the nonlocal Cauchy problem for a semilinear 
functional differential evolution equation. For some other results on nonlocal problems, see the 
bibliographies of [5-81. 
In this note, with the more general Lipschitz continuity of nonlinear operator f from Rx V to H 
in [3,4] we established the problem for the well-posedness and regularity of solution of retarded 
semilinear differential equation with nonlocal condition by using the fundamental solution in the 
case where the principal operators Ai (i = 0, 1,2) are unbounded operators with the condition 
that a(.) is real valued and Holder continuous on [-h, 0] (see [9, (3.14),(3.21)]). 
2. RETARDED SEMILINEAR EQUATIONS 
The norm in H is denoted by 1 . 1 and the duality pairing between V’ and V by (., .). The 
notations I] . 11 and I] . (It denote the norms of V and V* as usual, respectively. Hence, we may 
regard that 
IbII* I I4 5 1141~ u E v. (2.1) 
Let b(., .) be a bounded sesquilinear form defined in V x V and satisfying G&ding’s inequality 
Re b(u,u) 2 col1412 - clb12, CiJ > 0, Cl > 0. (2.2) 
Let A0 be the operator associated with the sesquilinear form -b(., .) 
VOW u) = -b(u, v), U,VE v. 
It follows from (2.2) that for every u E V 
Re ((cl- A0h4 2 col1412. 
Then A0 is a bounded linear operator from V to V* (which is denoted by A0 E B(V, V’)), and 
its realization in H which is the restriction of A0 to 
D(Ar,) = {u E V;Aou E H} 
is also denoted by Ao. Then A0 generates an analytic semigroup S(t) = etA in both H and V’. 
Hence, we may assume that there exists a constant Cc such that 
lbll 5 cdtullD(A,) 112 14w, 
for every u E D(Ao), where 
II~ID(A~) = (lA04~ + 1~1~)“~ 
is the graph norm of D(Ao). 
First, we introduce the following linear retarded functional differential equation: 
-&z(t) = A&t) + Alz(t - h) + 
I 
0 
a(s + s) ds + k(t), 
-h 
(2.3) 
40) = go, 4s) = SW, -h 5 s < 0. 
Here, the operators Al and Az are bounded linear from V to V* such that their restrictionsto 
D(Ao) are bounded linear operators from D(Ao) to H. The function a(.) is assumed to be real 
valued and Holder continuous in the interval [-h, 01. 
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Let IV(.) be the fundamental solution of the linear equation associated with (RE) which is the 
operator valued function satisfying 
&v(t) = A,,W(t) + AlW(t - h) + 
s 
0 
a(s)AzW(t + s) ds, 
-h (2.4 
W(0) = I, W(s) = 0, s E [-h,O). 
By the definition, the fundamental solution W(t) is a unique solution of the following form: 
~(t)=s(t)+~s(t-s){A1~(s-h)+~~~(~)A2W(s+~)d~}d~~ t>O, (2.5) 
W(0) = I, W(s) = 0, -h 5 s < 0, 
where S(.) is the semigroup generated by Ao. Then the solution z(t) can be written as 
s 0 s t x(t) = W(t)gO + G(s)g%) ds + Wt - sHf(s, x(s)) + Ws)) ds, -h 0 
s 
S 
Ut(s) = W(t - s - h)Al + W(t - s + a)a(o)Az do. 
-h 
(2.6) 
Recalling the formulation of mild solutions, we know that the mild solution of (RE) is also 
represented by 
x(t) = 
s(t)eo+JOiSwS){S_Oh a(7-)A~z(s + 7) dT + f(s, x(s)) + k(s) 
> 
ds, 0 5 t, 
L+(s), -h<s<O. 
From Theorem 1 in [9] follows the following results. 
PROPOSITION 2.1. The fundamental solution W(t) of (RE) exists uniquely. It also satisfies (2.4) 
on D(Ao). The functions AoW(t) and y are strongly continuous except at t = nh, n = 
0, 1,2,. . . . 
By virtue of Theorem 3.3 of [2], we have the following result on the linear equation (RE). 
PROPOSITION 2.2. 
(1) Let J' = (Wo),W1/2,2 where V?AO),H)I/~,~ denote the real interpolation space be- 
tween D(Ao) and H. For (g’,g’) E F x L2(-h,O; II( and k E L2(0,T;H), T > 0, 
there exists a unique solution x of (RE) belonging to 
L2(-h,T;D(Ao)) ~IW~~~(O,T;H) c C([O,T];F) 
and satisfying 
(‘4 
We 
where Cl is a constant depending on T. 
Let (g”,gl) E H x L2(-h,O; V) and k E L2(0,T; V”), T > 0. Then there exists a unique 
solution x of (RE) belonging to 
L2(-h,T;V) n W1,2(0,T;V*) c C([O,T];H) 
and satisfying 
~~5~~LZ(-h,T;V)~W’~2(0,T;V’) 5 c1 ( Igo1 + IlgljlLZ(_h,$;V) + l~klILZ(O,T;V*)) . (2.8) 
can follow Argument (1) of Proposition 2.2 term by term to deduce Argument (2) of 
_* . 
Proposition 2.2, taking into account that H = {x E V’ : Ji I(AgecAozII, dt < oo}. 
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3. EXISTENCE OF A SOLUTION 
As in the sense of (2.6), the mild solution (NRE) is represented by 
s 
0 
x(t) = W(t) (go - 4(h,. . . t,, 4) + 
-h 
G(s) (d(s) - es4(h,. . .t,,z)) ds 
+ 
s 
t W(t - s){f(s, z(s)) + k(s)} ds, 
0 
t&(s) = W(t - s - h)Al + 
s 
s 
W(t - s + a)a(a)Az do. 
-h 
By virtue of Proposition 2.1, in what follows we assume that 
IIW(t)ll I My t > 0, 
for the sake of simplicity. We also assume that a(.) is HGlder continuous of order p: 
M*)l I Ho, la(s) - U(T)1 I Hl(S - 7jp, 
for some constants HO, HI. 
Let f be a nonlinear mapping from R x V into H. We assume the following. 
ASSUMPTION F. For any x1, 22 E V, there exists a constant L > 0 such that 
If(4 Xl) - f(4 x2)1 I Llbl - 3211, f(t,O) = 0, t > 0. 
(3.1) 
(3.2) 
(3.3) 
ASSUMPTION @. Let T > 0 be tied, I = [O,T], 0 < tl < t2 < . . . < t, -c T, and X,. = 
{z E L2(0,T;V) : ~~x~~,~(oJ-;~) < r} for some constant T > 0. 4 : IP x L2(0,T; V) -+ D(Ao), 
x -+ 4(t1,. . . , t,, x) is linear continuous and there exists a constant L1 such that 
‘h = FEY il+@lv.. . ,tp>x)b(A,,), for 2 E X,. 
One of the main useful tools in the proof of existence theorems for functional equations is the 
following fixed-point theorem. 
LEMMA 3.1. (See (IO].) Suppose that C is a closed convex subset of a Banach space X. Assume 
that @I and a.2 are mappings from C into X such that the following conditions are satisfied: 
(i) (@I + Q2W C C, 
(ii) @I is a completely continuous mapping, 
(iii)_$T is a contraction mapping. 
Then the i&ator @I + @2 has a tied point in C. 
THEOREM 3.1. Assume that the functions f and I$ satisfy Assumptions F and @, respectively. 
Let (go, gl) E H x L2( -h, 0; V) and k E L2(0, T; V’), there exists a solution x of (NRE) belonging 
to 
and satisfying 
L2(-h,T; V) n Wly2(0,T; V*) c C([O,T]; H) 
IIZlIL2(-h,T;V)“W’,2(0,~V*) _ 2 < c ( 1+ b01 + lldll~2(-r,,o,v, + ll~llL~co.T;v*,) 7 (3.4) 
where C2 is a constant depending on T. 
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PROOF. Let us fix TO E (0, h) such that 
(3.5) 
For a given z E L2(0,To; V), we extend it to the interval [-h,O) by setting z(s) = g1 - 
e”4(tr , . . . , t,, rc) for s E [-h, 0). Define a mapping F on L2(0, TO; V) by the formula 
J 
0 
(%x)(t) = -#1, . . . , tp, x) - G(s)ea+(tl,. . . , t,, x) ds, 
-h 
J 
0 
J 
t 
(@2x)(t) = W)9O + ws)91(4 ds + wt - sHf(s, 4s)) + qs)) ds. 
-h 0 
We can now employ Lemma 3.1 with 
c={ 22 E L2(0,To; V) : II II x LZ(O,To;V) I Cl [Ll (1 + h) + Igo1 
+ Ik&(-h,,,;V) + l~kb(o,*O;v*)] Y xc(o) = 9’ - #(h,. . ,tpr x)} , 
where Cr is the constant in Proposition 2.2. Assume that a sequence {x,} of L2(0,To;V) 
converges weakly to an element 2, E L2(0, TO; V), i.e., w - lim,,, x, = x,. Then we will show 
that 
Jim_ llQ12, - %~,I1 = 0, (3.6) 
which is equivalent to completely continuous since L2(0, TO; V) is reflexive. For a fixed t E 
[O,To], let z;(z) = (%x)(t) f or every z E L2(0, TO; V). Then x: E L2(0, TO; V)’ and we have 
lim,,, zr (2,) = z; (2,) since w - lim,,, 2, = x60. Hence, 
Noting S(t) generated by A0 E B(V, V’) is bounded from V* to V and an analytic semigroup 
in V*, we can derive that W(t) : V* 3 V is strongly continuous on V*: 
sup ll~(t)llB(V*,v) = J42 < 00. 
E[O,Tol 
(3.8) 
From (3.8) and Assumption @, it follows that, for n = 1,2,. . . , 
Ill 
0 
ll(@l4(t>ll 5 IIWW (h ,...rtp,%)ll+ Ut(s)es~(tl,...,tpr2n) ds 
-h II 
I IlwtM 01 ,...,tp,%)ll+ 
s 
’ IlW(t - s - h)AleSq5(tl,. . . ,tp,xn)ll ds 
-h 
0 
s IV 
s 
+ W(t - s - T)a(T)Aze”q5 (tl, . . , t,, xc,) dr ds 
-h -h I/ 
h2 
I MzJ%+ ~zllA1Ilqv,v+1h + ~0~2l1~21l~~~,~-~~1~~ 
and hence, there exists a constant C’ > 0 such that 
llehGd(t)l12 < C’. 
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Therefore, by Lebesgue’s dominated convergence theorem, it holds that 
i.e., lim,,, ~~@l~&2(0,To;V) = ~~@l~cob(O,To;V)* Since L2(0, TO; V) is a Hilbert space, (3.5) 
holds. Now we will show that @p2 is a contraction mapping. From (2.7) and Assumption F, it 
follows that 
iQi2zl - ~2~2/l~2(0,To;~(Ao))“W1.a(0,To;H) 5 Clkf(‘,d - fc.3 52k70,To;H), 
Ilf(., 21) - fC.3 x2 G(O,To;H) 5 +l - z211t2(O,T&)* III 
Using the Holder inequality, we also obtain that 
(3.9 
Therefore, in terms of (2.3) and (3.9), we have 
II@221 - ~2~2b(0,To;V) < c011a2x1 - ~2x21(Zl;;0,Ta;D(Ao))ll~2xl - a2x211;/120,T,,;H) 
112 
I col1~23a - 
l/2 
11@2x1 - @252iIW’,2(0,To;H) 
1(@221 - ~2~2~~L2(0,To;D(Ao))~W1~2(0,To;H) 
kf(‘,xl) - f(‘,x2)b(O,To:H) 
bl - ~211L2(0,To;V). 
So by virtue of condition (3.5), @2 is contractive and it is easily seen that (@r + @z)(C) c : 
Thus, Lemma 3.1 gives that equation (NRE) has a unique solution in [-h, To]. 
Let x(.) be a solution of (NRE) and y(.) be a solution of following equation: 
-$y(t) = Aoy(t) + Aly(t - h) + J 
0 
a(s)A2y(t + s) ds + k(t), 
-h 
Y(O) = go, Y(S) = gY4, s E [-h,O). 
Consider the following problem: 
$(x(t) - y(t)> = Aok - y(t)) + Alb(t - h) - y@ - h)) 
0 
+ 
s 
a(s)A,(z(t + s) - Y(t + s)) ds + f(t,x(t)), 
It(O) - Y(0) = 4(t,l.. , t,, x), x(s) - y(s) = esh(tl,. . . , i&x), 
t E (O,Tol, 
s E [-h,O). 
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By virtue of (2.7) [2, Theorem 3.31, we have 
/lx - Y11~1(0,To;o(Ao))nWt,2(0,To;H) 5 cl ([ldh~. . . rt&((D(AO) + ((e’@(tI,. . . ,tp,2)l(La(_f&q 
+ Ilf(.,s)ll12(o,To;H)) 
Combining (2.3), (3.9), and the above inequality, we have 
k - ?dlL2(0,Td’) - < ‘ollz - ~~l;~~O,TO;D(AO)) 112 - Yll;qo,To;H) 
w 
5 CC+ - y~~i/;;O,TO;D(Ao)) 
w 
lb - Yl/L2(0,To;o(Ao))“W1,2(0,To;H) 
Therefore, we have 
11% - YIIL~(O,T,;V, 5 
C&l (To/v5y2 (1 + a) Ll 
coclq~o/Jz)1’2 
1 - COClL (To/&) 1’2 + 1 - C&L(T&/2)1~2 
llYllL~(o,TD;v)~ 
and hence, 
1 
+ 
1 - CoClL (To/&) 
1,~ lbllL2(0,To;V). (3.10) 
Combining Proposition 2.2 with (3.10), we obtain 
II~~IL~(o,T~;v)~w~~~(o,T~;v=) 
5 Cl {K + l/9111L2(-h,o;v) + (1+ Jq L + Ilf(~, ~)IIL~(o,ro;v*) + Il~llL~(o,To:v*, > 
5 Cl { l9Ol + 1191(IL2~-h,o;v) + (1 + q L + Lll4lL~(o,To;v) + ll~llL2(o,To;v*)} 
5 Cl 19O1 + 119111L2(_h,o;v) + (1 + 6) L + Il~llL~(O,To:V*) (3.11) 
+ CoCl (TO&~ (I+ &) Lb + L 
1 - coc1 L (T,/+)“” 1 - CoGL (To/@ 
l/2 Il!dLz(O,Td’) 
i cl 
{ 
1go( + IId((Lq_h,O;yj + (I+ A)L+ ~IkI~L2(0,To:V*) + 
COG’, (To/@~ (1 + &) LLI 
1 - C&IL (To/d) 1’2 
+ 
LCI 
1 - CoCIL (To/d?) 1’2 
(19’1 + lldlL2(-h,O;V) + IlktlL2(0,T,:V*,) 
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Since condition (3.5) is independent of initial value, the solution of (NRE) can be extended to the 
interval [-h, nTc] for a natural number n, that is, we can prove the estimate mentioned above also 
in the interval [To, 2Ts] with initial data (XT,, z(Ti)) where Q,,(S) = z(Ts + s) for s E (4, 0). An 
analogous estimate to (3.11) holds for the solution in [-h, nTo], and hence, for the initial value 
(z(nTs), znro) in the interval [nTc, (n + l)Te]. So the proof is complete. I 
EXAMPLE. Let 4 : [O,T]P x L2(0,T; V) -+ II be defined by 
where li > 0 (i = 1,. . . ,p), 0 < tl - 11 < tl < t2 < . a. < t, < T, and hi(t, s) is a measurable 
function from R x R into R such that 
ess sup 
U 0 
We also assume that S(t) 
IS@) I 
Ihi(t, s)12 ds : t > 0 =c<cq i=l,...,p. 
generated by A0 is uniformly bounded. Then 
<MO (t>0), lAoS( I F (t > 0), 
for some constant MO (e.g., [9]). Then using the Holder inequality, it holds that 
lAod(h, . . . , t,,~)l = $ t f, Jb(ti, s)AoeSAo4s)I ds 
I I 
I 
p 1 
ES 
ti 
i=l 
1- _ h&i, 4~44 ds 
a t, 1% 
Then Theorem 3.1 can be applied for 4(tl, . . . , t,, x) and Assumption Q holds. 
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